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 In this paper we perform Lie group analysis of systems of partial 
differential equations which describe different cases of classical plasma 
equilibria, and find groups of transformations admitted by those equations in 
several important cases.  
 We also give a recipe how to apply Lie formalism to look for Bäcklund 
transformations between systems of partial differential equations, using 
plasma equilibrium system as an example. 
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2 
1. Lie group formalism. 
 Suppose we are given a set of equations  
E(u, x) = 0, (1.0) 
E can include differential operators. Let u = F(x) be a solution of these equations. 
( { } { }nm xxuu ..,.. 11 == xu .) 
 The Lie group of transformations of the equations (1.0) is looked for in the form [1] 
),,(1 afx
ii ux= , (1.1) 
),,(1 agu
kk ux= , 
where the group operation is addition in a: 
),,()),,,(,),,(( 11112 bafbaafx
iii +== uxuxguxf ,  
),,()),,,(,),,(( 11112 bagbaagu
kkk +== uxuxguxf . 
These variables u1 and x1 are supposed to satisfy the same equations as u and x, i.e. 
u1 = F1(x1) 
must be a solution for the same differential equations (1.0) written in terms of u1 and x1. 
 To find the exact form of transformations, we search for the coordinates of vector field 
tangent to the orbits of transformation: 
0
),,(),( =∂
∂=ξ a
i
i
a
af uxux , (1.2) 
0
),,(),( =∂
∂=η a
k
k
a
ag uxux .  
 After we find these quantities, the Lie theorem lets us reconstruct the transformations - they 
are solutions to the equations 
),()( gfi
i
a
af ξ=∂
∂ ,  ),()( gfk
k
a
ag η=∂
∂  (1.3) 
with initial conditions ,  .  ii xf =)0( kk ug =)0(
To find the tangent vector field coordinates (1.2), we solve the determining equations 
 ,  X ,  0)( 0)(1 ==xuExuE , (1.4) 
where  is the infinitesimal operator of the prolonged vector field: 
1
X
∑∑∑∑ ∂∂ξ+=∂∂ξ+∂∂η+∂∂ξ≡ ki kikiki kikik kki ii uXuuxX ,,1 , (1.5) 
and X is the infinitesimal operator. 
Here are coordinates of prolonged tangent vector field corresponding to the derivatives : kiξ kiu
0
1
1),( =



∂
∂
∂
∂=ξ ai
k
k
i x
u
a
ux . (1.6) 
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These quantities are not unknown; they are connected with ξ , η  by ),( uxi ),( uxk
m
i
k
m
k
i
k
i DuD ξ−η=ξ ),( ux  (1.7) 
(summation over m is implied). Here Di is the operator of complete differentiation, defined as  
...+∂
∂+∂
∂+∂
∂= k
j
k
ijk
k
iii u
u
u
u
x
D  (1.8) 
 
 Instead of transformations (1.1), we can also search for transformations in a richer class – 
namely, in the form  
),,,(
11
afx ii uux= , (1.9) 
),,,(
11
agu kk uux= , 
where 



 ==∂
∂= nimk
x
u
i
k
..1,..1,
1
u are all derivatives. 
 
2. Application of Lie group formalism to Plasma Equilibrium 
Equations. 
 Lie formalism has been applied to study different equations related to plasma physics and 
plasma confinement, for example, in [2], where the most general time-dependent system of 
equations describing motion of finitely-conducting plasma, Kadomtsev-Pogutse equations and 
some others are studied. But the Plasma Equilibrium equations, which are also of great 
importance to plasma physics, have not been studied in this way. It is known that simpler 
equations usually have richer groups of symmetries, - this gave us motivation to perform Lie 
analysis of this system and its important reductions. 
 
2.1. Group analysis of Plasma Equilibrium equations. 
 We study the system of Plasma Equilibrium equations 
( ) Pgradcurl =×BB , (2.1) 
0div =B . 
 Here B is magnetic field, P – plasma pressure. 
 The goal is to find all one-parametric groups of transformations of type (1.1) of the above 
system.  
 From here on we use the following notation for projections of the magnetic field: 
B = (A, B, C). 
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 The determining equations (1.4) demand that the differential equation E = 0 is solved 
under restriction E(u, x) = 0, i.e. the original equations (2.1) must be satisfied at the same time. 
For that purpose, we express derivatives Px, Py, Pz, Cz from equations (2.1)  
1
X
Cz = – Ax – By,  
Px = CAz – CCx – BBx + BAy,  (2.2) 
Py = ABx – AAy – CCy + CBz, 
Pz = BCy – BBz – AAz + ACx, 
and use them solving the four equations E(u, x) = 0 for  and 
 (i = 1..3, k = 1..4). Note that these functions don’t depend on the 
derivatives 
1
X ),,,,,,( PCBAzyxiξ
),,,,,,( PCBAzyxkη
ik xu ∂∂ , which are in turn connected only through (2.2), so all derivatives 
ik xu ∂∂  except Cz, Px, Py, Pz are generally independent functions.  
 Therefore the method of solution is direct: put all coefficients at derivatives Ax, Ay, Az, Bx, 
By, Bz, Cx, Cy and their different products equal zero.  
 Let’s call XE1..XE3 the results of the action of the  operator on the projections of the first 
equation of (2.1); XE4 – the result of the action of the  operator on the second equation of 
(2.1) (Gauss theorem div B = 0). 
1
X
1
X
 Collecting coefficients near ( )2xA ∂∂ , ( )2xB ∂∂ , ( 2xC ∂∂ )   in equations XE1..XE4, we find, 
first, that  
0
1
=∂
ξ∂
P
 , (2.3) 
and hence, by symmetry of coordinates, 0
32
=∂
ξ∂=∂
ξ∂
PP
. 
 We also find that the following takes place: 
AC ∂
ξ∂=∂
ξ∂ 31 , 
BP
B ∂
ξ∂=∂
ξ∂ 22 =0, 
CP ∂
ξ∂=∂
ξ∂ 33C =0, 
P
A
B ∂
ξ∂=∂
ξ∂ 21 =0, 
P
A
C ∂
ξ∂=∂
ξ∂ 31 =0,
AC ∂
ξ∂−=∂
ξ∂ 13 =0. (2.4) 
 Therefore, using (2.3) and its consequence, we conclude that 
0
1
=∂
ξ∂
A
, 0
1
=∂
ξ∂
B
, 0
1
=∂
ξ∂
C
, 0
2
=∂
ξ∂
B
, 0
3
=∂
ξ∂
A
, 0
3
=∂
ξ∂
C
. (2.5) 
 Using (2.3), (2.5) and calculating coefficients of ( ) , 2yA ∂∂ ( )2yB ∂∂ , ( 2yC ∂∂ )  in 
equations XE1..XE4, we also observe that  
0
2
=∂
ξ∂
A
, 0
2
=∂
ξ∂
C
, 0
3
=∂
ξ∂
B
, (2.6) 
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which lets us conclude that the coordinates of tangent vector field corresponding to spatial 
variables x, y, z depend only on them, and not on the plasma parameters B, P: 
)(),( xux ii ξ=ξ . (2.7) 
 Now we substitute (2.7) into the equations XE1..XE3 and set coefficients at derivatives Ax, 
Ay, Az, Bx, By, Bz, Cx, Cy to zero. This results in the following equalities: 
xB ∂
ξ∂−=∂
η∂ 21 , 
xC ∂
ξ∂−=∂
η∂ 31 , 
yA ∂
ξ∂−=∂
η∂ 12 ,  
yC ∂
ξ∂−=∂
η∂ 32 , 
zB ∂
ξ∂−=∂
η∂ 23 , 
zA ∂
ξ∂−=∂
η∂ 13 ,  (2.8) 
0
444
=∂
η∂=∂
η∂=∂
η∂
CBA
. 
 The last three equalities mean that the tangent vector field coordinate corresponding to 
pressure η  is independent of the components of the magnetic field A, B, C: 4
),,,(44 Pzyxη=η . (2.9) 
 Adding and subtracting the equations of (2.8) yields the following relations: 
xy ∂
ξ∂−=∂
ξ∂ 21 , 
xz ∂
ξ∂−=∂
ξ∂ 31 , 
yz ∂
ξ∂−=∂
ξ∂ 32 , 
A
P
B
P ∂
η∂=∂
η∂ 21 , C
P
A
P ∂
η∂=∂
η∂ 13 , B
P
C
P ∂
η∂=∂
η∂ 32 , 
i.e. 
ji
xx i
j
j
i
≠∂
ξ∂−=∂
ξ∂ , ;   mku
P
u
P
k
m
m
k
≠∂
η∂=∂
η∂ , . (2.10) 
 Using (2.7) and (2.10), from (2.8) we conclude that tangent vector field components 
corresponding to projections of B must have the form:  
),,,,(111 zyxPAfCB Azy +ξ⋅+ξ⋅=η  
),,,,(212 zyxPBfCA Bzy +ξ⋅+ξ⋅−=η  (2.11) 
),,,,(213 zyxPCfBA Czz +ξ⋅−ξ⋅−=η  
 Applying relations (2.10) to formulas (2.11), we obtain 
P
fA
P
fB
BA
∂
∂=∂
∂ ,  
P
fC
P
fA
AC
∂
∂=∂
∂ ,  
P
fB
P
fC
CB
∂
∂=∂
∂ , 
which means  
),,,( Pzyx
PC
f
PB
f
PA
f
P
CBA
∂
ϕ∂=∂∂
∂=∂∂
∂=∂
∂ . (2.12) 
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Taking into consideration the lists of arguments of fA, fB, fC (see (2.11)), we find that these 
functions have the form  
),,,(),,,( AzyxPzyxAf AA ω+ϕ⋅= , 
),,,(),,,( BzyxPzyxBf BB ω+ϕ⋅= , (2.13) 
),,,(),,,( CzyxPzyxCf CC ω+ϕ⋅= . 
 Now return to the determining equation XE4. The coefficients at the derivatives Ax, By there 
are 
0
1133
=∂
η∂+∂
ξ∂−∂
η∂−∂
ξ∂
AxCz
, 0
2233
=∂
η∂+∂
ξ∂−∂
η∂−∂
ξ∂
ByCz
.  (2.14) 
 After substituting here the form of ηk that we have found in (2.11), we find that 
),,,( Azyx
A
Aω∂
∂ , ),,,( Bzyx
B
Bω∂
∂ , ),,,( Czyx
C
Cω∂
∂   
are functions only of x, y, z. Therefore ( ) ),,(),,(),,,(),,,,( zyxwzyxcPzyxAzyxPAf AAA ++ϕ⋅= , 
( ) ),,(),,(),,,(),,,,( zyxwzyxcPzyxBzyxPBf BBB ++ϕ⋅= , (2.15) 
( ) ),,(),,(),,,(),,,,( zyxwzyxcPzyxCzyxPCf CCC ++ϕ⋅= . 
 Now we substitute this into the free-of-derivatives part of the equation XE3 
0
31423
=∂
η∂+∂
η∂−∂
η∂−∂
η∂−∂
η∂
x
A
z
A
zz
B
y
B   
and collect coefficients near A2, to find that ),,,( Pzyx
z
ϕ∂
∂  is independent of P. Hence from 
general equivalence of x, y, z, we get  
)(),,(),,,( PzyxPzyx θ+Φ=ϕ , (2.16) 
and (2.15) can be rewritten as ( ) ),,()(),,(),,,,( zyxwpzyxqAzyxPAf AAA +θ+⋅= , 
( ) ),,()(),,(),,,,( zyxwpzyxqBzyxPBf CBB +θ+⋅= , (2.17) 
( ) ),,()(),,(),,,,( zyxwpzyxqCzyxPCf CCC +θ+⋅= . 
 Plugging the functions ηk that are found from (2.11) and (2.17) into free-of-derivatives 
parts of XE1, XE2, XE3 and collecting terms at AC, AB and BC respectively, we get 
z
q
zx
A
∂
∂−=∂∂
ξ∂ 12 , 
x
q
y
B
∂
∂−=∂
ξ∂
2
12
, 
y
q
z
C
∂
∂−=∂
ξ∂
2
22
. (2.18) 
 Using these formulas and relations (2.10), we get 
),(1
1
yxg
x
q A +∂
ξ∂−= , ),(2
2
zyg
y
q B +∂
ξ∂−= , ),(3
3
zxg
z
C +∂
ξ∂−=q  (2.19) 
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But collecting terms at C2, A2 and B2 respectively, we get 
x
q
z
C
∂
∂=∂
ξ∂
2
12
, 
y
q
yx
A
∂
∂−=∂∂
ξ∂ 12 , 
z
q
zy
B
∂
∂−=∂∂
ξ∂ 22 ,  (2.20) 
so that  
0),(1 =∂
∂ yxg
y
, 0),(2 =∂
∂ zyg
z
, 0),(3 =∂
∂ zxg
x
. 
 Hence 
)(1
1
xg
x
q A +∂
ξ∂−= , )(2
2
yg
y
q B +∂
ξ∂−= , )(3
3
zg
z
C +∂
ξ∂−=q  (2.21) 
 If in free-of-derivatives parts of XE1, XE2, XE3 we collect terms independent of A, B, C, we 
will get 
0
444
=∂
η∂=∂
η∂=∂
η∂
zyx
, 
so 
)(44 Pη=η . (2.22) 
 
 Substituting this new result into XE1 and collecting terms near C⋅A3⋅Cx, we find 
0)( =θ∂
∂ P
P
. (2.23) 
and (2.17) rewrites as  ( ) ),,()(),,,,( 1 zyxwxgAzyxPAf AxxA ++ξ−⋅= , ( ) ),,()(),,,,( 2 zyxwygBzyxPBf ByyB ++ξ−⋅= , (2.24) 
( ) ),,()(),,,,( 3 zyxwzgCzyxPCf CzzC ++ξ−⋅= . 
Substituting (2.11), (2.24) into XE1 and collecting terms near Cx, we obtain 
0),,( =zyxwC  
and 
P
Pzg
z
qC ∂
η∂=


 +∂
ξ∂−⋅=⋅ )()(22
4
3
3
. 
The first relation lets us conclude, by symmetry of notation, that  
0),,(),,(),,( === zyxwzyxwzyxw CBA , (2.25) 
and the second – that  
β+α=η PP 2)(4 , (2.26) 
and again by symmetry of coordinates 
.const====α CBA qqq  (2.27) 
(here α = const, β = const). 
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Altogether, the tangent vector field coordinates corresponding to B and P are  
111
zy CBA ξ⋅+ξ⋅+⋅α=η , 
212
zy CAB ξ⋅+ξ⋅−⋅α=η , (2.28) 
213
zz BAC ξ⋅−ξ⋅−⋅α=η , 
β+α=η P24 . 
 Using relations (2.14), (2.18), (2.20), (2.27), (2.28) together, we find the following 
conditions relations on ξi: 
02
12
=∂
ξ∂
y
, 02
12
=∂
ξ∂
z
, 0
12
=∂∂
ξ∂
yx
, 0
12
=∂∂
ξ∂
zx
, 02
22
=∂
ξ∂
z
, 0
22
=∂∂
ξ∂
zy
, 
0
12
=∂∂
ξ∂
zy
, 0
22
=∂∂
ξ∂
zx
, 
zyx ∂
ξ∂=∂
ξ∂=∂
ξ∂ 321 , (2.29) 
After some calculations, it’s easy to see that ξ1, ξ2, ξ3 must be linear. Making use of (2.29), we 
write them as 
432
1 azayaxR +⋅+⋅+⋅=ξ , 
431
2 bzbyRxb +⋅+⋅+⋅=ξ , (2.30) 
421
3 czRycxc +⋅+⋅+⋅=ξ  
 From the first formula of (2.11), we get the following connections for coefficients in (2.30): 
δ=−= 12 ba , , . γ=−= 13 ca µ=−= 23 cb
 Finally, the tangent vector field coordinates corresponding to spatial variables are  
1
1 lzyxR +⋅γ+⋅δ+⋅=ξ , 
2
2 lzyRx +⋅µ+⋅+⋅δ−=ξ , (2.31) 
3
3 lzRyx +⋅+⋅µ−⋅γ−=ξ , 
 The tangent vector field coordinates corresponding to plasma parameters are  
CBA ⋅γ+⋅δ+⋅α=η1 , 
CBA ⋅µ+⋅α+⋅δ−=η2 , (2.32) 
CBA ⋅α+⋅µ−⋅γ−=η3 , 
β+⋅α⋅=η P24 . 
In (2.31), (2.32) α, β, δ, γ, µ, R, l1, l2, l3 are arbitrary constants. 
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 Altogether, the complete expression for the infinitesimal operator X admitted by (2.1) is 




∂
∂−∂
∂+∂
∂−∂
∂⋅µ+



∂
∂−∂
∂+∂
∂−∂
∂⋅γ+



∂
∂−∂
∂+∂
∂−∂
∂⋅δ+



∂
∂+∂
∂+∂
∂+∂
∂⋅α+



∂
∂+∂
∂+∂
∂⋅+




∂
∂β+∂
∂+∂
∂+∂
∂=
C
B
B
C
z
y
y
z
C
A
A
C
z
x
x
z
B
A
A
B
y
x
x
y
P
P
C
C
B
B
A
A
z
z
y
y
x
xR
Pz
l
y
l
x
lX
2
321
 (2.33) 
 
2.2. Discussion and summary. 
 Let us analyze the operator (2.33). All the bracketed terms in it are independent, because 
they depend on different arbitrary constants.  
 The first term corresponds to four independent one-parametric shifts Gsh×Gsh×Gsh×Gsh: 
β⋅+=′⋅+=′⋅+=′⋅+=′ aPPlazzlayylaxx ,,, 321 , (2.34) 
which can be easily verified directly using (1.2), (1.3).  
 The second term describes two independent scaling transformations Gsc×Gsc: 
.
,,,
,,,
2 PeP
CeCBeBAeA
zezyeyxex RRR
⋅=′
⋅=′⋅=′⋅=′
⋅=′⋅=′⋅=′
α
ααα  (2.35) 
 The other three terms are rotations in planes XY, XZ and YZ respectively. For example, the 
third term of (2.33) (with δ) corresponds to the rotation transformation  
.,
),sin()cos(
),sin()cos(
,
),sin()cos(
),sin()cos(
PPCC
aAaBB
aBaAA
zz
axayy
ayaxx
=′=′
δ⋅−δ⋅=′
δ⋅+δ⋅=′
=′
δ⋅−δ⋅=′
δ⋅+δ⋅=′
 (2.36) 
 Similar formulas express rotations in XZ and YZ planes. Together all three rotations form 
an SO(3) group. 
 The groups listed above make up the general group of transformations of type (1.1) 
admissible by the system (2.1):  
GTOT = (Gsh×Gsh×Gsh×Gsh) × (Gsc×Gsc) × SO(3). (2.37) 
 Conclusion: the whole group of transformations admitted by (2.1) consists of space and 
pressure shifts, scaling of space coordinates, magnetic field and pressure, and space rotations 
SO(3). 
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 3. Group analysis of Plasma Equilibrium Equations up to 1st 
derivatives. 
 Now we extend our study of the Plasma Equilibrium system (2.1) to the case where Lie 
point transformations depend not only on dependent and independent variables, but also on all 
derivatives, i.e. repeat the procedure described in Section 2 using transformations (1.9) instead 
of (1.1). 
 The coordinates of tangent vector fields will then have the form  
),,(
1
uuxii ξ=ξ , . (3.1) ),,(
1
uuxkk η=η
 First we find the coordinates of the prolonged tangent vector field corresponding to 
derivatives (1.7), using (1.8), and then solve equations (1.4), setting coefficients near all 
second derivatives to zero. 
 After involved computations, the result appears to be exactly the same as in Section 2, i.e. 




∂
∂−∂
∂+∂
∂−∂
∂⋅µ+



∂
∂−∂
∂+∂
∂−∂
∂⋅γ+



∂
∂−∂
∂+∂
∂−∂
∂⋅δ+



∂
∂+∂
∂+∂
∂+∂
∂⋅α+



∂
∂+∂
∂+∂
∂⋅+




∂
∂β+∂
∂+∂
∂+∂
∂=
C
B
B
C
z
y
y
z
C
A
A
C
z
x
x
z
B
A
A
B
y
x
x
y
P
P
C
C
B
B
A
A
z
z
y
y
x
xR
Pz
l
y
l
x
lX
2
321
 (3.2) 
 Conclusion: the Plasma Equilibrium Equations (2.1) do not have any Lie transformations 
that depend on derivatives. 
 
4. Group analysis of pure magnetic field equations (up to 1st 
derivatives). 
 Let us study groups of transformations admitted by a magnetic field in vacuum, which is a 
special subclass of force-free magnetic fields. 
0curl =B , (4.1) 
0div =B . 
 We looked for transformations that depend on the magnetic field and its derivatives, but not 
on the coordinates:  
),(
1
uuii ξ=ξ , . ),(
1
uukk η=η
 When the transformations depend also on the coordinates, the determining equations are 
much harder to solve. 
11 
 The solution of the equations (1.4) then gives us the infinitesimal operator admitted by 
(4.1):  
.),(),(),(
),(),(),(
),(),(),(
),(),(),(
3131211
2131211
1131211
131211
Cz
C
y
C
x
CCf
z
Cf
x
Cf
x
C
By
C
y
B
x
BBf
y
Cf
y
Bf
x
B
Ax
C
x
B
x
AAf
x
Cf
x
Bf
x
A
z
f
y
f
x
fX
∂
∂


 µ+∂
∂⋅δ+∂
∂⋅γ+∂
∂⋅β+⋅α+⋅∂
∂+⋅∂
∂+⋅∂
∂+
∂
∂


 µ+∂
∂⋅δ+∂
∂⋅γ+∂
∂⋅β+⋅α+⋅∂
∂+⋅∂
∂+⋅∂
∂+
∂
∂

 µ+∂
∂⋅δ+∂
∂⋅γ+∂
∂⋅β+⋅α+⋅∂
∂+⋅∂
∂+⋅∂
∂+
∂
∂+∂
∂+∂
∂=
uuuuuu
uuuuuu
uuuuuu
uuuuuu
 (3.2) 
 This group of transformations is richer than (2.33) or (3.2) for PE equations, and more 
interesting as it does depend explicitly on first derivatives. 
 
  
5. Group analysis of force-free plasma equilibrium equations (up to 
1st derivatives). 
 In this chapter we look for Lie-Bäcklund transformations admissible by the system of 
force-free plasma equilibrium equations 
curl ( )= αB x B , (5.1) 
0div =B , 
(We again use notation B = (A, B, C).) 
 Let us allow the transformed variables to depend on not only on original variables, but also 
on derivatives (see Section 1): 
),,,(
11
afx ii uux= , (5.2) 
),,,(
11
agu kk uux= . 
 Repeating the procedure performed in Section 2 for PE equations, after involved 
computations we find that the system  (5.1) admits the infinitesimal operator  




∂
∂−∂
∂+∂
∂−∂
∂⋅µ+



∂
∂−∂
∂+∂
∂−∂
∂⋅γ+



∂
∂−∂
∂+∂
∂−∂
∂⋅δ+



∂
∂+∂
∂+∂
∂⋅α+



∂
∂+∂
∂+∂
∂⋅+




∂
∂+∂
∂+∂
∂=
C
B
B
C
z
y
y
z
C
A
A
C
z
x
x
z
B
A
A
B
y
x
x
y
C
C
B
B
A
A
z
z
y
y
x
xR
z
l
y
l
x
lX 321
 (5.3) 
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which does not depend on derivatives. This operator coincides with the operator (3.2) for 
Plasma Equilibrium equations (with pressure terms omitted). 
 
6. Search for Bäcklund transformations using Lie formalism. 
 In some particular cases, it is possible to establish a mapping from solutions of one PDE 
into the set of solutions of another, i.e. to find a Bäcklund transformation, using Lie formalism. 
 Suppose we are given a set of differential equations E(u, x) = 0, and u = F(x) is a solution. 
 Let us, as in (1.1), transform the solution: 
),,,(
11
afx ii uux= , (6.1) 
),,,(
11
agu kk uux= , 
but instead of  ,  X ,  0)( 0)(1 ==xuExuE  demand  
),,()(
10)(1
uuxxuE xuE  F,  X ,  == , (6.2) 
where F is some function. 
 Then, after solving (6.2) and using Lie theorem to reconstruct the transformation, we will 
get a mapping of solutions of E(u, x) = 0  into solutions of a different equation. 
 First, we made an attempt to find a transition from pure magnetic field (4.1) to force-free 
configurations (5.1), with an assumption . The result is that only  is 
admissible. 
),(
1
uuα=α 0=α
 Second, we searched for transitions from force-free configurations represented in the form 
( ) 0curl =×BB , (6.3) 
0div =B  
to plasma equilibrium equations (2.1), where the unknown pressure P was assumed to depend 
on . The only solution appeared to be P = const, therefore it is impossible to build a 
Bäcklund transformation from (6.3) to (2.1) using this method. 
),,(
1
uux
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